Lecture 14. Nonhomogeneous Equations and
Undetermined Coefficients

Consider the general nonhomogeneous nth-order linear equation with constant coefficients
ay™ + a1y ot ary + agy = f() (1)
A general solution of Eq.(1) has the form

Y=Y+ Yp

where the complementary function y.(z) is a general solution of the associated homogeneous equation
any™ + an1y™ Y+ + a1y +agy =0

and yp(x) is a particular solution of Eq. (1).

Method of Undetermined Coefficients

Example 1 Find a general solution y of the given equation. (f(x) is a polynomial.)
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Example 2 Find a particular solution gy, of the given equation. (f(x) is an exponential fuction €"*.)
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Example 3 Find a particular solution y,, of the given equation. (f(x) is cos kx or sin kz.)

y" — 3y — 4y = 2sinzx
ANS " e ?,(e/ss Z%, = Asax + B cos x
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Example 4 Find a particular solution y,, of the given equation. (f(x) is €™ cos kx or €"* sin kx)
y" — 3y — 4y = —8e” cos 2x
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The Case of Duplication

Example 6 Find a particular solution of " — 4y = 2e%2.
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If the function f(z) is of either form of P, (x)e"™ cos kx, Py, (z)e™ sin kx, we can assume

yp(x) = 2°[(Ag + A1z +-- -+ Apx™)e"™ coskx + (By + Bix + -+ + Bp,x™)e’ sin kx
p

where s is the smallest nonnegative integer such that no term in y,, duplicates a term in the complementary
function ye.




Summary

We summarize the steps of finding the solution of an initial value problem consisting of a nonhomogeneous
equation of the form

ay” + by’ + cy = f(z) (2)
where a, b, c are constants, together with a given set of initial conditions:

1. Find the general solution of the corresponding homogeneous equation.

2. Make sure that function f(z) in Eq. (2) belongs to the class of functions discussed above; that is, be sure it
involves nothing more than exponential functions, sines, cosines, polynomials, or sums or products of
such functions. If this is not the case, use the method of variation of parameters (discussed in the following
part of this section).

3. If f(x) = fi(z) + - - - + fu(2), thatis, if f(z) is a sum of n terms, then form n subproblems, each of
which contains only one of the terms f1(x), ..., fn(2). The ith subproblem consists of the equation

ay’ + by + cy = fi(x)

where i runs from 1 to n. (see Example 5)

4. For the tth subproblem assume a particular solution yip(z) consisting of the appropriate exponential
function, sine, cosine, polynomial, or combination thereof. If there is any duplication in the assumed form
of y;p () with the solutions of the homogeneous equation (found in step 1), then multiply y;,(x) by , or
(if necessary) by 2, so as to remove the duplication. (See the table for general cases)

5. Find a particular solution yip(t) for each of the subproblems. Then the sum
Y1p(t) + yap(t) + - - - + ynp(t) is a particular solution of the full nonhomogeneous Eq (2).

6. Form the sum of the general solution of the homogeneous equation (step 1) and the particular solution of
the nonhomogeneous equation (step 5). This is the general solution of the nonhomogeneous equation.

7. Use the initial conditions to determine the values of the arbitrary constants remaining in the general

solution.
f(@) Yp
P, =by+box+ -+ bpz™ x5 (Ao + Az + Apz® + - + Ajz™)
acos kz + bsinkz z*(Acos kx + Bsinkx)
e (acoskx + bsin kz) z®e""(Acoskx + Bsinkz)
P, (z)e™ z%(Ag + Az + Agz? + -+ Apz™)e™

°[(Ag + Ay + oz + -+ + Apz™) cos kx+

P,,(z)(acoskx + bsin kz) (Bo + Br + Baz? + -+ + Bp™) sin k]



Exercise 7 Set up the appropriate form of a particular solution y,, but do not determine the values of the
coefficients.

d?y z?
1) =< —r— =
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By + 4y’ + 13y = 3 cos 2z
4 y" — 2y’ — 15y = 3z cos 2z
Solutions.

M. yp(z) = Az? + Bz + C
(2) yp(z) = Ae**

(3) yp(x) = Acos2z + Bsin 2z,

@) yp(z) = (Az + B) cos 2z + (Cz + D) sin 2z



Exercise 8. Find y as a function of x if

yl// o 8yll + 15yl — 246.27’
y(0) =20, 4'(0) =20, %"(0)=17

Solution.
Step 1. Find the solution ¥y, for the corresponding homogeneous equation.
The homogeneous equation associated with the given ODE is:
y" —8y" +15y' =0
The corresponding characteristic equation:
r® —8r® +15r =0
The roots of the characteristic equationarer = 0,7 = 3, and r = 5.
This gives us the complementary function to the homogeneous equation:
ye(x) = C1e" + Cqe3® + C3e°* = Cy + Cre’® + C3e’®
Step 2. Finding a particular solution.

Given the non-homogeneous term 24e”, we propose a particular solution of the form y,, = Ae®. To determine
A, we substitute yp and its derivatives into the nonhomogeneous ODE and solve for A.

We have

Ae® — 8Ae” + 15Ae” = 8Ae” = 24e”
Thus A = 3.
Soy, = 3e”.

Step 3. Applying initial conditions

To determine the constants C, Cs, and C, we apply the initial conditions y(0) = 20, '(0) = 20, and
!
y"(0) = 17.

We have the general solution
y(z) = yo(z) + yp(z) = C1€% + C1e3® + C3e® + 3e® = C + C2e%* + C3e + 3e”
As y(0) = 20, we have
Ci+Cy+C3+3=20
Asy'(0) = 20 and y/(z) = 3C5e3® + 5C3e° + 3e?, we have
y'(0) = 3Cy + 5C5 + 3 = 20



As y"(0) = 17, and and ¢ (x) = 9C2€%® + 25C3e° + 3, we have
y'(0) = 9C, + 25C;5 + 3 = 17.

Solve for C';, C5, and C3, we have

133 71 37
E——— — — and — _ =
Gr="5 0= g andG=—15
Therefore, we have
133 71 3 37 5
- _ 3z = 5z 3e®
y(x) T + 5 e 106 + 3e

Exercise 9. Find a particular solution to
y' + 6y’ + by = —19te™.
Solution
Note the homogenous part of the ODE is
y" + 6y’ + 5y = 0 with characteristic equation 72 + 6r + 5 = 0.
Thus the general solution is a linear combination of e = and e for the homogenous part.
So we assume y,(t) = a1€® + aze’'t.
Then ¥, = 3e*a1 + e*ay + 3e’'tay and
yy = (9e*ay + (6€¥ + 9e*'t)ay
Substitute the particular solution y,(t) into the differential equation:

y, + 6y, + 5y,
=9a:e% + a, (6e3t + 963tt) + 6 (3a163t + a0’ + 3(1,263tt) +5 (ale?’t + a2e3tt)
= — 19¢%¢

Simplify:
(32a; + 12a2)e™ + 32aze™t = —19e*t
Equate the coefficients of e on both sides of the equation:
32a1 + 12a9 =0
Equate the coefficients of €3¢ on both sides of the equation:

32ay = —19



Solve the system:

57

a1 = ——

256

19
a9 = — —

2 32

Substitute a1 and as into y,(t) = e3'a; + e3'tasy :
57e3t 19

Up(t) = 55 3263tt

Exercise 10.
(1) Find a particular solution to the nonhomogeneous differential equation

y" + 4y + 5y = —10x + 5e ”.
(2) Find the most general solution to the associated homogeneous differential equation.
(3) Find the most general solution to the original nonhomogeneous differential equation.
Solution.

Q)]

2
Determine the particular solution to ddya:(f) +4 dlél(f) + 5y(z) = 5e~* — 10z by the method of undetermined
coefficients:

The particular solution will be the sum of the particular solutions to
y" + 4y’ + 5y = —10z and ¢’ + 4y’ + 5y = be *.
The particular solution to 4" + 4y + 5y = —10z is of the form:
Yp, () = a1 + azx

The particular solution to y” + 4y’ 4+ by = 5e~* is of the form:

Yp:(2) = aze™®

Apply the usual step (I will skip this part), we have
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Thus a particular solution is

5e*
yp(x) = 5 —2:13—1—%

(2) The homogenous equation is
y' +4y +5y=0
The characteristic equation is
r?+4r+5=0
Thenr = -2 +t0orr=—-2—1
So we have

Y. = c1e ¥ cos(z) + coe ** sin(z)

(3)
By (1) and (2), we have

oe * 8
2z :

o4 2
sin(z) + 5 m+5

y(z) = yo(x) + yp(z) = cre > cos(z) + coe”



